For every two ideals I ⊆ J in C (X), we call I a z J -ideal if Z ( f ) ⊆ Z (g), f ∈ I and g ∈ J imply that g ∈ I. An ideal I is called a relative z-ideal, briefly a rez-ideal, if there exists an ideal J such that I J and I is a z J -ideal. We have shown that for any ideal J in C (X), the sum of every two z J -ideals is a z J -ideal if and only if X is an F -space. It is also shown that every principal ideal in C (X) is a rez-ideal if and only if X is an almost P -space and the spaces X for which the sum of every two rez-ideals is a rez-ideal are characterized.
terminology. First we recall that a completely regular Hausdorff space X is an F -space (resp. quasi F -space) if its cozerosets (resp. dense cozerosets) are C * -embedded. Equivalently, X is an F -space (resp. quasi F -space) if finitely generated ideals (resp. finitely generated ideals containing a nondivisor of 0) of C (X) are principal. By 14.26 in [5] , we have also that X is an F -space if and only if every ideal in C (X) is absolutely convex. An ideal I in a partially ordered (lattice ordered) ring is called convex (absolutely convex) if, whenever 0 x y (|x| |y|) and y ∈ I , then x ∈ I . For more details and properties of F -spaces and quasi F -spaces, see [4, 5, 9] .
Theorem 1.2. The sum of two z • -ideals of C (X) is always a z • -ideal or all of C (X) if and only if X is a quasi F -space.
If I is a nonregular ideal (i.e., every member of I is a zerodivisor) in C (X), then I • = f ∈I P f = {g ∈ C (X): g ∈ P f for some f ∈ I} and whenever X is a quasi F -space, then the greatest z • -ideal I • contained in I exists and I • = P f ⊆I P f = {g ∈ C (X): P g ⊆ I}, see [2] .
In any commutative ring, it is well known that every minimal ideal in the class of prime ideals containing a z-ideal is a z-ideal, see Theorem 1.1 in [7] . The following proposition which is proved in [2, 8] by different ways, shows that the converse is also true in C (X).
Proposition 1.3. An ideal I in C (X) is a z-ideal if and only if every prime ideal minimal over I is a z-ideal.
It follows from Proposition 1.3 that an ideal I in C (X) is a z-ideal if and only if √ I is a z-ideal. We have also
z . The corresponding statement holds for z • -ideals in C (X) and for any nonregular ideal I in C (X), we have [2] . We also cite the following simple result which will be referred to in the sequel.
Proposition 1.4. Suppose that I is an ideal and P is a prime ideal in C (X). If I ∩ P is a z-ideal (z • -ideal), then either I or P is a z-ideal (z • -ideal). In particular if P and Q are prime ideals which are not in a chain and P ∩ Q is a z-ideal (z • -ideal), then both P and Q are z-ideals (z • -ideals).
A nonzero ideal in a commutative ring is said to be essential if it intersects every nonzero ideal nontrivially. The following proposition which topologically characterizes essential ideals of C (X) is proved in [1] .
Proposition 1.5. A nonzero ideal E in C (X) is an essential ideal if and only if Z
One can easily see that every free ideal in C (X) is essential and a principal ideal ( f ) in C (X) is essential if and only if int X Z ( f ) = ∅. It is also easy to see that every non-maximal prime ideal in C (X) is an essential ideal.
J is a z-ideal. Now since I is a z J -ideal, then g ∈ I , i.e., I is a z-ideal. On the other hand in any ideal J there are many z-ideals,
proposition shows the existence of z J -ideals in any given ideal J which are not z-ideals.
Proposition 2.2. Suppose that J is an ideal in C (X) which is not a z-ideal. Then there exists an ideal I J which is a z J -ideal but not
is a z J -ideal and hence I is a rez-ideal. We note that every nonessential ideal in C (X) is not necessarily a z-ideal.
(b) If P and Q are prime ideals in C (X) such that P is not a z-ideal and Q is a z-ideal. Then by Proposition 2.1, I = P ∩ Q is a z P -ideal. Whenever P and Q are not in a chain, then by Proposition 1.4, I is not a z-ideal and hence I will be a rez-ideal, for I = P . Similarly, if we consider Q as a prime z • -ideal not in a chain with P , then I will be a rez • -ideal.
(c) Finally we show that a principal ideal 
Let Q be a semiprime ideal, A be the collection of all non-z-ideals prime ideals minimal over Q and J = P ∈A P . Clearly Q ⊆ J , moreover Q z ∩ J = Q , for Q z is the intersection of all prime z-ideals minimal over Q and hence Q z ∩ J is the intersection of all minimal prime ideals over Q . This implies that Q is a z J -ideal. Whenever K is an ideal containing Q and Q is a z K -ideal, then K ⊆ P , ∀P ∈ A, by Proposition 2.5(b), i.e., K ⊆ J . This means that J is the greatest ideal such that Q is a z J -ideal. The proof of the second part of (b) is evident by part (a).
(c) Since I is a rez-ideal, then I is an almost z-ideal by part (a). Therefore √ I P ∈A P = J , where A is the collection of all non-z-ideals prime ideals minimal over I . Now (
Not only for semiprime ideals, but for every ideal I in C (X), where X is an F -space, there exists a greatest ideal J such that I is a z J -ideal.
Proposition 2.7. If X is an F -space, then for every ideal I in C (X), the collection { J : I is a z J -ideal} has a greatest member.
Proof. We put
∀g ∈ I} and show that J • is an ideal. First we prove that whenever
Since X is an F -space, then I is absolutely convex and so |h| = |kf | and
It is evident that every ideal I in C (X) is a z I -ideal, but one may ask when is every subideal of a given ideal I a z I -ideal?
The following lemma and corollary show that such an ideal should be a z-ideal whose every member has an open zeroset.
As an example of such ideals, consider
.
and hence Y is a P -space. Conversely suppose that Y is a closed P -space and We conclude this section with the following result. Part ( f ) of this result shows that for every two ideals I ⊆ J , there exists the smallest z J -ideal containing I which we denote by I z J . By Proposition 2.1, I z ∩ J is a z J -ideal containing I and if 
Corollary 2.9. Let I be an ideal in C (X). Then every subideal of I is a z I -ideal if and only if
and hence not maximal. Let M and M be two maximal ideals in C (X) not containing P such that M + M = C (X). Since P is not maximal, then Z [P ] contains at most one non-isolated point and hence by Proposition 1.5, P is an essential ideal. So I = P ∩ M and K = P ∩ M are two nonzero z P -ideals by Proposition 2.1. Moreover I P and K P imply that I and K are rez-ideals. Now by part (a) of Lemma 3.3, since the prime ideal P is absolutely convex, then I + K = P ∩ M + P ∩ M = P ∩ (M + M ) = P ∩ C (X) = P and P is not a rez-ideal by Proposition 2.5(a), a contradiction. 2
